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Black Hole Thermodynamics in Anti-de Sitter Space in Horndeski
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In this paper, we investigate the black hole thermodynamics considering the Horn-
deski gravity. In our investigation, we considered Schwarzschild-AdS black hole solu-
tions in 3+1-dimensions, which is a solution of the Horndeski theory. In the canon-
ical ensemble, the relation between Horndeski parameters provide results which are
according to Hawking and Page description for thermodynamics of black holes in
Anti-de Sitter space.
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2I. INTRODUCTION
Since of your discovery in 1974 [1–4] the Horndeski gravity has call attention, especially, in
the study of static black hole solutions [5, 6] with an asymptotically anti-de Sitter behavior.
In theoretical physics, the Anti-de Sitter (AdS) spacetime has a important hole [7] in the
holographic duality known as AdS/CFT [8]. In recent years, the gauge/gravity duality has
offered much remarkable support to the dynamics of some strongly coupled to condensed
matter systems [9, 10] in the study of the Universal bounds of transport coefficients, including
the well-know bound ratio of the shear viscosity [11, 12], that is conjectured based on the
holographic “bottom-up” models. Many of these bounds are violated through ways [13–15]
where several considerations of the AdS/CFT correspondence in the context of the Horndeski
gravity have been put forward in [13, 16, 17].
In a more recent investigation of Horndeski gravity, it was shown to admit the construction
of black holes in Horndeski gravity that develop Hawking-Page phase transitions at a critical
temperature [18–20]. However, in the board of high energy collisions of particles, we have
the creation of tiny black holes for early Universe, this might leave stable remnants instead
of fully evaporating as a result of Hawking radiation [21]. Furthermore, on comparable scales
of quantum gravity, that is, near the TeV, the LHC can produce one black hole about every
second. The black holes are well understood, that is when their mass of the black hole exceeds
the fundamental Planck mass Mp∼TeV. In this case, if the black hole mass approaches of
the Planck mass (MBH≈Mp), we have that the black holes become "stringy" [22] and their
properties complex. This obstacle can be ignored and it is possible to estimate the properties
of the light black hole by semiclassical arguments, strictly valid for MBH>>Mp.
As described by Hawking [23], black holes in AdS space has a minimum of temperature,
which occurs when its size is of the order of the characteristic radius of the AdS space. But
for larger black holes, we have that the red-shifted of the temperature measured at infinity
is large. This fact implies that a suck black hole has a positive specific heat and can be in
stable equilibrium with thermal radiation at a fixed temperature. Furthermore, the other
implication is that the canonical ensemble exists for asymptotically AdS space [9, 23, 24],
instead of the case asymptotically flat space. A large black hole in the bulk tends not to
evaporate, but instead to achieve the thermal equilibrium with its Hawking radiation, which
gets reflected the infinity. An interesting feature by the applications of the quantum field
3theory in curved spacetime is the Hawking radiation; as shown by Hawking, the quantum
effects allow a black hole to emit particles [24–28].
We investigate the thermodynamics of black hole in Anti-de Sitter space in Horndeski
Gravity, however, applications of the Lovelock and Horndeski gravity for investigating black
hole have been presented by [20, 26], where for Lovelock gravity by appropriate coefficients
the spacetime solutions have a unique AdS vacuum with a fixed cosmological constant.
However, as we will show at the point γ = −α/Λ, we have novel features [29], this is the
advantage of using the Horndeski gravity. In the black hole, the thermodynamic process
novel features can be attributed to the contributions of Horndeski parameters. Thus, for
α = 0, this means that we can consider that the matter sector is given only by the kinetic
term of the scalar filed which is constructed with the Einstein tensor at the action [18]. When
we analyze the canonical ensemble we shall follow the closely related Euclidean argument
that is sufficient for our purposes. In this sense, within the semiclassical regime, we can
think of the partition function of the bulk theory as a path integral over metrics [9]. The
investigations of [20] concerning the modified gravity Horndeski, which imply in modify
Horndeski black hole solution, this black hole displays a phase transition. In the canonical
ensemble, we discuss the thermodynamical properties like stability and phase transition
which are according to [20, 23]. This work is summarized as follows: In Sec. II, we present
the Horndeski Theory. In Sec. III, we address the issue of finding black hole ansatz. In
the Sec. IV, we explore the canonical ensemble and analyze the thermodynamics quantities.
Finally, in Sec. V, we present our conclusions.
II. HORNDESKI THEORY
The Horndeski theory [2] has special subclass know as F4 theories [30, 31]. The Horn-
deski gravity [1–4], it is characterized by a single scalar-tensor theory with second-order field
equations and second-order energy-momentum tensor [1, 2, 5, 18, 19, 40]. The Lagrangian
associated with this theory produce second-order equations of motion [5, 18, 32–36]. Fur-
thermore, the theory includes four arbitrary functions of the scalar field and its kinetic term
[6, 30, 31, 37–39]. However, due to the complexity of the model of Horndeski an interesting
model can be found when we constrain coefficients of the Horndeski theory [39]. This model
can be expressed by the following action
4S[gµν , φ] =
∫
d4x
√−gL+ Sm. (1)
L = κ(R − 2Λ)− 1
2
(αgµν − γGµν)∇µφ∇νφ (2)
Where we define a new field φ
′ ≡ ψ and κ = (16piG)−1 and Sm describes an ordinary matter
assumed to be a perfect fluid. In this action, the field has dimension of (mass)2 and the
parameters α and γ control the strength of the kinetic couplings, α is dimensionless and γ has
dimension of (mass)−2. The John Lagrangian (1) [3, 30, 31] has provide interesting result’s
in the study of holographic duality known as AdS/CFT [13, 14], cosmology [35, 39] and in
the looking for black hole solutions [5, 18]. Thus, the Einstein-Horndeski field equations can
be formally written varying the action (1) δS[gµν , φ] as in the form
Gµν + Λgµν =
1
2κ
Tµν , (3)
where Tµν = αT
(1)
µν + γT
(2)
µν the energy-momentum tensors T
(1)
µν and T
(2)
µν take the following
form
T (1)µν = ∇µφ∇νφ−
1
2
gµν∇λφ∇λφ
T (2)µν =
1
2
∇µφ∇νφR− 2∇λφ∇(µφRλν) −∇λφ∇ρφRµλνρ
−(∇µ∇λφ)(∇ν∇λφ) + (∇µ∇νφ)φ+ 1
2
Gµν(∇φ)2
−gµν
[
−1
2
(∇λ∇ρφ)(∇λ∇ρφ) + 1
2
(φ)2 − (∇λφ∇ρφ)Rλρ
]
.
And the scalar field equation is given by
∇µ[(αgµν − γGµν)∇νφ] = 0. (4)
III. BLACK HOLE SOLUTIONS
In our case, for Einstein-Horndeski gravity, we consider the following Ansatz for a four-
dimensional Schwarzschild-AdS black hole of the form
5ds2 =
L2
r2
(
−f(r)dt2 + dx2 + dy2 + dr
2
f(r)
)
. (5)
As we know [14, 40], for static spherically symmetric configurations of certain Galileons,
which has a shift-invariance was first argued to admit a no-hair theorem. Furthermore,
the no-hair theorem for Galileons requires that the square of the conserved current Jµ =
(αgµν−γGµν)∇νφ, defined in (4), should not diverge at the horizon. However, we can scape
from the no-hair theorem [19, 40], for this we need to impose that the radial component of
the conserved current vanishes identically without restricting the radial dependence of the
scalar field [40]:
αgrr − γGrr = 0. (6)
Recalling that φ′(r) ≡ ψ(r) we can easily note that this condition annihilates ψ2(r) regardless
of its behavior at the horizon. The metric function f(r) can be found found by using the
equation (6). One can show that the equation (4) is satisfied by the following solution
f(r) =
αL2
3γ
−
(
r
r+
)3
, (7)
ψ2(r) = −2L
2κ(α+ γΛ)
αγr2
1
f(r)
. (8)
The Einstein-Horndeski field equations (3) and (4) are satisfied by these equations. The
scalar field given by equation (8) is real for the α > 0 and γ < 0. As discussed by [18], we
have that α/(3γ) = L−2 is defined as an effective AdS radius L [18] where the solutions can
be asymptotically dS or AdS for α/γ < 0 or α/γ > 0, respectively. Thus, γ = −α/Λ imply
in φ =constant. In the equation (8), (α + γΛ) > 0, signifying ghost-freedom. However, the
stability requires that (α+ γΛ) is not negative, but novel features arise at the critical point,
because (α + γΛ) vanishes for γ = −α/Λ, this is in agreement with the range −∞ < γ ≤
α/(−Λ) [29]. In addition, the fact that ψ2(r → ∞) = 0 or ψ(r) = 0 at γ = −α/Λ into the
action (1) ensures that this is a genuine vacuum solution.
The black hole temperature is given by
6T (r+) =
3
4pir+
(9)
The minimum value of the temperature in rc = L/
√
3, can be written as
Tc =
3
√
3
4piL
=
1
4pi
√
α
γ
(10)
This minimum occurs when its size is of the order of the characteristic radius of the anti-de
Sitter space, which at the point γ = −α/Λ is according [23].
IV. THE CANONICAL ENSEMBLE
However, for the geometry representing a finite density state, so the thermodynamic free
energy can be obtained from evaluating the Euclidean action on the analytically continued
solution [9]. As we knew, in the path integral, the action must include the Gibbons-Hawking
boundary term to give the correct (Dirichlet) variational problem and a constant boundary
counterterm to render the action finite
SE = −
∫ √
gd4xL − 2κ
∫
r→0
d3x
√
hLb − 2κ
∫
d3x
√
hLct, (11)
L = κ(R − 2Λ)− 1
2
(αgµν − γGµν)∇µφ∇ν
Lb = K + γ
4
(∇µφ∇νφnµnν − (∇φ)2)K + γ
4
∇µφ∇νφKµν
Lct = c0 + c1R + c2RijRij + c3R2 + b1(∂iφ∂iφ)2 + ... (12)
The second term corresponds to the Gibbons-Hawking surface term for the Horndeski gravity
scenario γ-dependent [16] in the bulk action where Kµν is the extrinsic curvature and the
traceless is given by contraction K = hµνKµν , h is the induced metrics on the boundary
r → 0 and Lct is the boundary counterterm that is necessary for asymptotic AdS spacetime
with ck and bk coefficients. The scalar field must fall off sufficiently quickly near the boundary
(i.e. goes to zero or a constant), near the boundary [9]. However, near of the boundary
7ψ(r → 0) → ∞, but a way of the scalar field falls off sufficiently quickly is at the point
γ = −α/Λ, which imply φ(r → 0) =constant the action (11) reduces to simply form
SE = −
∫
d4x
√
g[κ(R − 2Λ)]− 2κ
∫
r→0
d3x
√
h
[
K − 2
L
]
(13)
We can work with the canonical ensemble where the free energy is F = −T ln(Z) and Z
is the partition function defined by the gravitational path integral Z = e−SE and SE is the
euclidean action, in this since we have ln(Z) = −SE with F = TSE [9], however, using the
equations (9,10), we can write the following thermodynamic relation:
ln(Z) = σ
T 2
T 2c
, (14)
F = −σT
3
T 2c
(15)
Where σ ≡ 3V2
4G
and Mp = G
−1/2 is the Planck mass in units in which ~ = c = 1 [23]. Now,
we can construct the thermal states in anti-de Sitter space by periodically identifying the
imaginary time coordinate τ with period β = 1/T . Thus, we can find the expectation value
of the energy, entropy, and specific heat as
〈E〉 = −∂ ln(Z)
∂β
, (16)
S = −∂F
∂T
, (17)
c = T
∂S
∂T
. (18)
The expectation values of the energy 〈E〉 line blue with c > 0 in Fig. 1 are according to
[23] indicating a higher value of the black hoke mass and is therefore at least locally stable.
The free energy F < 0 indicates that the system has a global stability [20], but for this value
of the free energy, we have c > 0. As we knew large black holes (LBH) have a negative free
energy [18]. Where T > Tc is an adequate approximation, which occurs for α ∼ 0, these
considerations into equation (10), provide that Tc is very small, this fact imply is enough to
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FIG. 1: The figure shows the behavior of the equations (15), (16), (17) and (18), respectively,
wherein the 〈E〉 > 0 (top-left) line blue increase for T > Tc and line red decrease for T < Tc, c > 0
line blue increase for T > Tc and line red decrease for T < Tc (top-right) and S > 0 increase for
T > Tc and line red decrease for T < Tc (bottom-left). The fact of c > 0 implies in a higher value of
the mass of the black hole, which implies in a positive specific heat and is therefore at least locally
stable. The (bottom-left) show the free energy F < 0 line blue for T > Tc and line red F → 0 for
T < Tc in both cases indicates that the system has a global stability.
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FIG. 2: The free energy for large (line blue) and small (line red) black holes for γ > 0 and γ < 0,
respectively.
9consider T > Tc. Furthermore, T < Tc occurs for γ ∼ 0, providing Tc is very large, which
provide T < Tc. For γ < 0 in the equation (10) the free energy becomes positive, which
characterizes a small black hole (SBH). The Fig. 2 show the behavior of the free energy for
γ > 0 and γ < 0, which is a phase transition in this scenario, which is given by the small
black hole and large black hole (SBH-LBH) [41]. We can see that both 〈E〉 and S satisfy
the thermodynamical relation F = 〈E〉 − TS.
V. CONCLUSION
In this paper, we show that Schwarzschild-AdS black hole is a solution to Horndeski
gravity. At the point γ = −α/Λ, we have that the most universal deformation away from
pure AdS is the Schwarzschild-AdS black hole, in this sense the black hole is dual to finite
temperature. In the canonical ensemble, the free energy and other thermodynamic quantities
are computed in terms of the temperature and radius of curvature of AdS. The free energy
for the black hole, its entropy, and internal energy satisfy the thermodynamical relation to
F = 〈E〉 − TS where S obeys the celebrated Hawking are law [13, 24–28]. As we know her
along with specific heat has played an important role to investigate thermal stability. As we
show the free energy F < 0 implies global stability as shown by Fig. 1 and c > 0, show that
the system has local stability, that is, according to [23]. Furthermore, the positive specific
heat c > 0 suggests a higher value of the mass of the black hole and is therefore at least
locally stable [23]. However, for γ < 0 the free energy implies local stability. At the cases
γ > 0 and γ < 0 Fig. 2, we have a phase transition between the small black hole and large
black hole (SBH-LBH), which is analogous to the liquid gas in a van der Walls fluid [20, 41].
Furthermore, the values of 0 < γ < 0 show that this phase transition also comprises a phase
transition between the dS to AdS for α/γ < 0 or α/γ > 0, respectively, where the dS case
suggests the creation of tiny black holes in the early Universe, which might leave stable
remnants instead of fully evaporating as a result of Hawking radiation [21], for a phase with
large black holes.
However, as energy 〈E〉 increase for α ∼ 0 as shown by Fig. 1, this means that the black
hole "captured" new mass-energy (matter or radiation surpasses the surface surrounding the
black hole, which we call the horizon), where the matter sector is given only by the kinetic
term of the scalar. On the other hand, if the energy 〈E〉 ∼ 0 decrease for γ ∼ 0 see Fig. 1,
10
suggests that the only proposed mechanism for decreasing the mass of a black hole where
there are "products" is Hawking radiation evaporation, which is a process of quantum origin
and arises from the creation of particle pairs from vacuum energy in the horizon region.
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